Embedding a Graph into a d + 1-page Book with m log d n Edge-crossings over the Spine Miki MIYAUCHI †a) , Member SUMMARY A topological book embedding of a graph is an embedding in a book that carries the vertices in the spine of the book and the edges in the pages; edges are allowed to cross the spine. Enomoto showed that for any graph G having n vertices, there exists a three-page book embedding of G in which each edge crosses the spine log n times. This paper generalizes the result and shows that for any graph G having n vertices, there exists a d + 1-page book embedding of G in which each edge crosses the spine log d n times. key words: graph theory, book embedding, crossings over the spine
Introduction
A d-page book or book-space is a two-part object consisting of a spine, which is a line, and d pages each of which is a half-plane bounded by the spine. A d-page book embedding of a graph G is an embedding of G in a d-page book which carries each vertex in the spine and each edge into the pages so that edges on the same page do not intersect. The standard book embedding does not allow edge-crossings over the spine. And many problems on book-embeddings have been studied under the condition that no edge can cross the spine. We call this type of a book embedding a combinatorial book embedding (see [2] , [3] , [7] , [11] ).
On the other hand, another type of book embedding is possible, where each edge is allowed to appear in one or more pages by crossing the spine. We call this type of book embedding a topological book embedding. Atneosen [1] and, independently, Bernhart and Kainen [2] have shown the existence of a three-page topological book embedding for an arbitrary graph. Thus, the research interest is to evaluate the number of crossing points of edges over the spine [8] . The points (excluding vertices) at which edges of a graph cross the spine are called division points, and both division points and vertices are called division vertices.
Enomoto [4] proved that every graph can be embedded into a three-page book so that each edge crosses the spine log n times, where n is the number of vertices of the graph. Consequently, every graph having n vertices and m edges can be embedded into a three-page book with m log n division points over the spine. This paper generalizes the result into multi-page book embeddings and shows that every graph G can be embedded into a d + 1-page book in which each edge crosses the spine log d n times.
Theorem 1:
There exists a d+1-page topological book embedding of a graph G in which each edge crosses the spine at log d n times, where n is the number of vertices.
Note that Enomoto, Miyauchi and Ota [6] proved that the orders of these results are optimal as to the number of division points for complete graphs. We conjecture that the coefficient of the highest order of the result is 1; that is, the result in this paper is the best possible as to the coefficient.
Embedding G into a d + 1-page Book with log d n Division Points
In this section, we construct a topological book embedding of an arbitrary graph G into a d + 1-page book in which each edge crosses the spine at log d n time, where n is the number of vertices. Let G = (V(G), E(G)) be a graph with n vertices. We may assume that G is simple; that is, G has neither loops nor multiple edges. Let k = log d n . Let
be the d-adic alphabet and S * the set of all strings over S . If s ∈ S * has length k (k > 0), then write
where s i is the character of s in position i. Order the elements of S by 0 < 1. Define a new order < on S * as follows. Suppose s, t ∈ S * . If i is the first position where s and t differ and s i < t i , then s < t. If s and t agree in all positions that they have in common and s is shorter than t, then s < t. Hence if k = 2, d = 3, the string order < is < 0 < 00 < 01 < 02 < 1 < 10 < 11 < 12 < 2 < 20 < 21 < 22, Consider a subdivision G * of G which is made by subdividing each edge (s, t) ∈ E(G) (s < t) by adding vertices labeled (s, t; 0), (s, t; 1), . . . , (s, t; k − 1) in this order from t to s. If there is a combinatorial book embedding of G * into a d + 1-page book, then it can be regarded as a topological book embedding of G by regarding vertices in V(G * ) − V(G) as division points. Thus, we will construct a topological book-embedding of G into the d + 1-page book by constructing a combinatorial d + 1-page book embedding of G * . First, we will lay out the vertices of G * along the spine of the book and then add d + 1 numbers {0, · · · , d} (the "pages") to edges of G * so that conflicting edges receive different numbers. Here, we say that two edges (s, t) and (p, q) in G * conflict if their endpoints (division vertices) are laid out on the spine in the order s, p, t, q or p, s, q, t from left to right.
Theorem 2:
There exists a d + 1-page combinatorial book embedding of the subdivision G * of a graph G.
Proof. First, we lay out the vertices of G * on the spine. The vertices in V(G * ) are represented as follows:
when either of the following two conditions is satisfied.
(i) t < q (ii) t = q and s < p Two vertices (s, t; i), (p, q; j) ∈ V(G * ) are laid out on the spine in this order from left to right if one of the following three conditions holds: when (p, q; j) is laid out at the right of (s, t; i) on the spine of the book. Note that for any two division vertices (s, t; i), (p, q; j) ∈ V(G * ), either (s, t; i) < (p, q; j) or (p, q; j) < (s, t; i) holds. For example, for a complete graph K 6 , the division vertices on the spine of a 4-page book (i.e., k = 2, d = 3) is ordered on the spine from left to right as follows. (See Fig. 1 ).
(11, 12; 0), (10, 12; 0), (02, 12; 0), (01, 12; 0), (00, 12; 0), (10, 11; 0), (02, 11; 0), (01, 11; 0), (00, 11; 0), (02, 10; 0), (01, 10; 0), (00, 10; 0), (01, 02; 0), (00, 02; 0), (00, 01; 0), (00, 01; 1), (00, 02; 1), (01, 02; 1), (00, 10; 1), (01, 10, 1), (02, 10, 1), (00, 11, ; 1), (01, 11; 1), (02, 11; 1), (00, 12; 1), (01, 12; 1), (02, 12; 1), 00, 01, 02, (10, 11; 1), (10, 12; 1), (11, 12; 1),
10, 11, 12
The edges in E(G * ) is represented as the union of the following two disjointed subsets E 0 , E 1 (i.e., E(G
The edge (s, t; 0)t in E 0 is embedded on the 0th page. The number of the page c(s(i)) on which edge (s, t; i − 1)(s, t; i) in E 1 is embedded is defined by the following formula by using the string s(i). Next, we show that no two edges in E(G * ) embedded on the same page conflict, i.e., the layout is legal.
1. Let (s, t; 0)t and (p, q; 0)q be two edges in E 0 . Note that, by definition of E 0 , they are embedded on page 0, and, by definition of the layout on the spine, (s, t; 0) < t and (p, q; 0) < q. We show that they do not conflict each other, i.e., if the endpoints are laid on the spine in the order (s, t; 0) < (p, q; 0) < t < q then we show that a contradiction arises. By the definition of (s, t; 0) < (p, q; 0), we have s(0) = p(0) and
means that either (1) q < t or (2) q = t and p < s holds. This contradicts the assumption as t < q.
Let (s, t; i − 1)(s, t; i)
and (p, q; j − 1)(p, q; j) be two edges in E 1 that conflict. Note that, by definition of the layout on the spine, (s, t; i − 1) < (s, t; i) and (p, q; j − 1) < (p, q; j). Without loss of generality, we may assume that the endpoints appear on the spine in the order
We need to show that the two edges are embedded in different pages, i.e., c(s(i)) c(p( j)). Under the assumption and the definition of laying out of division vertices,
Let = lcp(s, p) to be the length of the longest common prefix of s and t, that is, s( ) = t( ) while s = + 1 t +1 .
• Consider the case of < i. In this case, we have
, which contradicts the assumption. Thus j = + 1. Also, from the assumption as
we get i − 1 ≤ . Thus i = + 1. Therefore we get
• Consider the case of ≥ i. In this case, from the assumption as p( j − 1) ≤ s(i), we have
because of the diffinition of the order on S * . Also, from the assumption as
because of the diffinition of the order on S * . Thus we have i ≤ j ≤ i + 1.
-In the case of j = i, we have s(i) = p ( j) and s(i − 1) = p( j − 1). Then from the definition of the order of division points, when (s, t; i − 1) < (p, q; j − 1) then (p, q; j) < (s, t; i), which contradicts the assumption as (s, t; i) < (p, q; j). -In the case of j = i + 1, we can conclude
3. Finally, we show that any edge in E 0 doesn't conflict with any edge in E 1 on page 0.
• Consider the case that (s, t; i − 1)(s, t; i) be an edge in E 1 and (p, q; 0)q be an edge in E 0 where endpoints of the two edges appear on the spine in the order (s, t; i − 1) < (p, q; 0) < (s, t; i) < q.
We show that two edges are embedded in different pages; that is, c(s(i)) 0. By the assumption and the definition of laying out of division vertices, • Consider the case that (s, t; 0)t be an edge in E 0 and (p, q; j − 1)(p, q; j) be an edge in E 1 where the endpoints of the two edges appear on the spine in the order (s, t; 0) < (p, q; j − 1) < t < (p, q; j).
We show that two edges are embedded in different pages, that is, c(p( j)) 0. By the assumption and the definition of laying out of division vertices, we have
In this case, t k < p k because both t and p have length k. Thus, we have In either case, edges ((s, t; 0), t) and ((p, q; j − 1)(p, q; j)) do not conflict.
Therefore, in each case, no two edges in E(G * ) embedded on the same page conflict.
Thus, we have a topological book embedding of an arbitrary graph G into a d + 1-page book in which each edge crosses the spine at log d n time, where n is the number of vertices. Therefore we have the following theorem.
Theorem 3:
There exists a d+1-page topological book embedding of a graph G with m log d n edge-crossings over the spine, where n is the number of vertices and m is the number of edges.
Conclusion
This paper generalizes Enomoto's result as to three-page book embeddings into multi-page book embeddings and shows that every graph G can be embedded into a d + 1-page book in which each edge crosses the spine log d n times. We conjecture that the coefficient of the highest order of the result is 1; that is, the result in this paper is the best possible as to the coefficient.
